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Abstract

[n this paper. we study the stability and evolution of the solitary waves in perturbed generalized
nonlinear Schrédinger equations. Our method is based on the completeness of the bounded eigen-
states of the associated linear operator in L, space and a standard multiple-scale perturbation
technique. Unlike the adiabatic perturbation method. ours uncovers all the instability mechanisms
in the perturbed equations. As an example. we consider the perturbed cubic-quintic nonlinear
Schrédinger equation in detail and determine the stability regions of its solitary waves. The gener-
alization of this method to other perturbed nonlinear wave systems is also discussed.
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1 Introduction

[n recent years, the perturbed generalized nonlinear Schrodinger equation has attracted a great
deal of attention. This equation is of the form

iAr + Az + f(1AIP)A = ep(A, A", (1.1)

where f is a real-valued algebraic function, p is a spatial differential operator, and € is a small
parameter. [t has been shown to govern the evolution of a wave packet in a weakly nonlinear and
dispersive medium and has thus arisen in diverse fields such as water waves, plasma and nonlinear
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optics [1. 2. 3. 4. 3]. In particular, this equation is now widely accepted in optics field as a good
model for optical pulse propagation in nonlinear fibers (see [6. 7] and the references therein). The
rapid advances in optical-soliton based fast-rate telecommunication systems in recent years has
stimulated intensive research on it. Another application of Eq. (1.1) is in pattern formation. where
it has been used to model some nonequilibrium pattern forming systems (see {8] and the references
therein). The unperturbed form of this equation (¢ = 0) supports solitary waves of the form

A = Va2mile= V3 t=irog (2 _ V't — 1), (1.2)
where ag() is a real-valued function and satisfies the equation
ages — wag + f(ag)ao =0, (1.3a)

a0 —0, |6 — oo, (1.3b)

and V.w(> 0),zo and po are arbitrary real constants. Note that the existence of these solitary
waves is the basis for telecommunication systems using optical solitons as information bits. When
perturbations are present, one very important concern is whether these solitary waves will persist
or not. This question has been studied extensively in the literature. The linear stability of the
solitary waves in the unperturbed equation (1.1) has been investigated in [9, 10]. where a criteria for
instability was given. When f(z) = z, Eq. (1.1) is the perturbed nonlinear Schrédinger equation,
whose solitary waves were examined in numerous articles such as (7, 11, 12, 13, 14, 15] among
others. The dynamical behavior of the solitary waves in this equation is now well understood.
But for more general forms of f, the results are few and far from complete. This case has been
investigated in [8, 16, 17, 18] by various methods. In (8], the adiabatic perturbation technique was
employed (see also {13]). These authors assumed a quasi-stationary form for the solitary wave,
determined the slow evolution of the parameters of this wave and then discovered certain types of
instability from those evolution equations. But as they pointed out, the stability they established
only refers to the particular class of perturbations compatible with the quasi-stationary solution
assumption. It was recognized that there could be other instability mechanisms which could not be
found by this adiabatic method (this is indeed the case). In (16}, the Evans function approach was
used. By calculating the small eigenvalues bifurcating from the zero eigenvalue of the associated
linear operator in the unperturbed equation (1.1), the author gave the conditions for this type
of instability. His results are basically equivalent to those in [8]. We would like to emphasize
here that both results in [8] and [16] missed certain types of instability hidden in Eq. (1.1). The
numerical approach to this problem was taken in [17, 18]. In this work. the authors investigated
the stability of analytic solitary waves of the cubic-quintic complex Ginzburg-Landau equation and
found that they are generally unstable, except in a few special cases. The instability was caused by
the existence of growing disturbances whose largest growth rates were numerically estimated. The
authors also obtained parameter regions in which stable solitary waves exist for various choices of
parameter values. In their work, ¢ was not small, and it was not clear just what was the source of
their instability.

In this paper, we develop a new analytical method for studying the stability and evolution of the
solitary waves in Eq. (1.1). This method is based on knowing the closure of the bounded eigenstates
of the associated linear operator in Ly space, combined with a standard multiple-scale perturbation
method. Lg is the space of all the square-integrable functions. [n essence, this method is similar



to the one developed in [12] (see also {14. 15]) for solitons in perturbed integrable equations. But
here the new feature is that. since the unperturbed equation (1.1) is non-integrable in general. the
completeness of the bounded eigenstates (or equivalently. the Green's function) of the associated
linear operator has to be established anew. We will use a direct scattering technique analogous to
that in {20. 21| to accomplish this task. In this process. the structure of the spectra of this linear
operator will also be obtained and detailed. Using this new method. we can uncover all instabilities
of the solitary waves in Eq. (1.1) and give a complete account of the stability and evolution of the
solitary waves of this equation. We would like to point out here that. in principle. this method
can be applied to any perturbed nonlinear wave equation for uncovering all the instabilities of its
permanent waves. We will come back to this point in section 4.

After the general procedure of this method is introduced, we will apply it to the perturbed cubic-
quintic nonlinear Schrédinger equation and carry out the analysis in detail. Assuming the pertur-
bation to only contain terms of the Ginzburg-Landau type (as in (8, 16, 17. 18}), we will show that
the perturbed cubic-quintic nonlinear Schrodinger equation allows at most two solitary waves. of
which. at most one is stable. We also find that the solitary waves of the model equation (1.1) have
three instability mechanisms which are related to perturbations of respectively the zero. non-zero
(discrete) and continuous eigenvalues of the associated linear operator in the unperturbed equa-
tion (1.1). Of these instabilities. the instability related to perturbations of the non-zero discrete
eigenvalues has never been studied before. [ts capture requires expansion of the perturbation series
of the solution out to second order, 2. We further derive the necessary and sufficient stability
conditions for these solitary waves and specify the regions of parameter space, inside of which, this
equation has stable solitary waves. Finally, the generalization of this method to the study of the
stability of permanent waves in other nonlinear wave systems is discussed.

2 The Procedure

In this section. we detail the procedure for studying the stability and evolution of the solitary waves
(1.2) in Eq. (1.1). For simplicity. we consider the case where the perturbation term, p, is of the
form

oo T A
p(A,A%) = ZPkﬂAlz)"a_ky (2.1)
k=0 z
where px (k = 1,...,n) are complex functions. This will exclude parametrically forced perturba-

tions (see {22]). But even in such cases, the analysis given here can be readily modified. Anticipating
the slow evolution of the free parameters of the solitary wave when a perturbation is present. we
write the solution of this equation in the form

A=eV2(0,t, T, Ty, . .. ,;€), (2.2)

where

¢ t V2
9=z-/0th—00, p=/(u+T)dt—m, (2.3)
0



and w1 8, and py are all functions of slow time Ty = et. 7, = €2t..... When Eq. 2.2: is
substituted into Eq. (1.1). the equation for a is found to be
o _ . : Vosr, V1.0
1, — v ~agg ~ f(lala = €F — e{iar, — ifor 09 ~ (—5— ——5— T par,)a} 91
20 : By, VTP . R
—e2{ia, — 1o, 00 + 1\—-2-T— ~ —5%— ~por;)a} + O(e?).
where
F =p(A. AN V02, (2.3)

To solve this equation. we expand a into a perturbation series
a = ap(f) + €ay +e2a0+ ... (2.6)

and take ag to satisfy Eq. (1.3). Thus. the zeroth order of (2.4) is now trivially satisfied. At order
¢. a; is governed by the linear equation

iayy —way +ags + F(9)d1 + q(G)aI = U, (?.Ta)
aile=0 = 0. (2.7b)
where
r=f(ad) +a3f'(ad), g =adf(ad), (2.8)
. ) Ve Vr, 6
wy = Fy — iagr, + ifor, 208 — (—5 = —5— + pori )0, (2.9)
Fo = p(Ao, A5)e V0272, (2.10)

and Ag = e'V%/27%qy. Note that F appears to have a fast time ¢ dependence, but it actually
does not. due to the form of p in Eq. (2.1). This fact will be used in the later analysis. Denoting
Uy = (a;.a})7. Eq. (2.7) can be rewritten as

(18 + L)U, = (w1, —uw})T. (2.11a)
Uile=o = 0. (2.11b)
where the linear operator L is
Ogg —w + T q
L= By
Ua( q Ogg —w+r |’ (2.12)

and

0‘1=((1) é) 03=((1)£)1) (2.13)

The linear operator L is the key to solving this problem. If we could expand all quantities in the
eigenstates of this operator, then we can expand and solve (2.4) to all orders. So, first we need the
eigenstates. w(zr. A), where A is the eigenvalue. and the eigenvalue spectra of the operator L. where

are Pauli spin matrices.

Ly = M. (2.14)



We will now discuss the main features of this eigenvalue problem. Due to the form of L. if \ is
an eigenvalue and v the corresponding eigenfunction. then it follows that —A. A® and —A" are also
eigenvalues. with corresponding eigenfunctions as oyv. L* and o,v*. In the appendix. we detail
the structure of the spectra of the operator L. using the direct scattering technique. We show that
the discrete eigenvalues of L are zeros of the analytical function A defined there. Now. there are
four free parameters in the unperturbed solitary wave (1.2). Perturbations of. or shifts in these
four free parameters correspond to the four degrees of freedom represented by the degenerate A = 0
eigenvalue. Thus A = 0 is at least a four-fold eigenvalue of L. Two of these degenerate eigenvalues
have two discrete eigenfunctions

vor = ae(L. 1)7. woz = ao(L. ~1)T. (2.15)
which exactly satisfy the eigenvalue equations
Lugy =0, Lugg =0. (2.16)

The other two eigenvalues correspond to two generalized eigenfunctions, called “derivative states”
in [14. 15| and elsewhere, and are given by

1
@91 = 59110(1, -7, 002 = a0u(1.1)T. (2.17)
These states are not true eigenfunctions, but they are necessary for closure [23|. They satisfy the
modified eigenvalue equations

Loo1 = Yo1, Loz = o2. (2.18)

The total number of the discrete eigenvalues of L (with the multiplicity of all degenerate eigenvalues
included) is given by the “winding number” of Aj, as its argument moves along the path. P.
described in the appendix, and shown in Fig. 3. The continuous eigenvalues of L are found along
the two half lines {A : A > w} and {\ : A < —w}. For each value of A in those intervals. there are two
continuous eigenstates, one symmetric in 6 (denoted as ¥,(#, A)) and the other one anti-symmetric
in 0 (denoted as ¥,(#,A)). In the appendix, we also show that the union of the discrete regular
eigenstates, the discrete generalized eigenstates and the continuous eigenstates, form a complete
set in the space of L. Therefore, Eq. (2.11) can be solved by expanding the solution, Uy, and the
inhomogeneous term, in this complete set of functions.

For simplicity, in the rest of the paper, we assume that zero is a four-fold discrete eigenvalue of L.
In addition, we assume that L has only two other simple. discrete, non-zero eigenvalues. denoted
as Ag and —Aqg, With the corresponding eigenfunctions denoted by ¥4 and ¥_q = 01Uq. This is the
case for the perturbed cubic-quintic nonlinear Schrodinger equation, to be discussed in more detail
later in this paper. If L has more than the above eigenvalues, or if the non-zero discrete eigenvalues
are not simple, then the following analysis can be easily appropriately modified.

Under the above assumptions, we then can expand (w, —w{)T and U, in this closed set. Using
arbitrary coefficients, we can take

(wy, —w})T = cortho1(6) + coavo2(6) + do1do1(6) + dozdoz(6)

t+cawa(6) + c-a¥-a(8) + [1{ca(N)wa(6, A) + cs(A)¥s(8, X}, (2.19)




Up = horeot(8) + hooto2(8) + go1001(8) + go2002(9)

)
hgra(®) + hogv-a(8) + [ {ha(Nra(8. A) + hs(Aus(8. N A, 12:20)
where the interval [ = (—>c. —<i U [w. o¢). We will define an inner product by
<fg >=/ FT(8)a39(0)db. (2.21)

Then it is easy to show that the only non-zero inner products of these bounded eigenstates are
< ol 001 >, < 02,002 > < Ug U > < Uog log > < lg.la > and < vy U5 >

[n particular,
< (- A), Ua (- A) >=ka(N)6(A — ). (2.22a)
< ws(- A cus( X)) >= ks (N)E(A = AT, (2.22b)
where kq()\) and ks(A) can be related to the scattering data of Eq. (2.14). When the expansions

(2.19) and (2.20) are substituted into Eq. (2.11). and the above inner products are used. then we
obtain the following equations for the coefficients in Uy:

i—g%l' + go1 = ¢ol1. i?-g%? + go2 = coz, (2.23a)
.0go1 .0g02
9901 _ 4 2902 _ g 2.23b
== dor, 1 e do2 ( )
Ohyg Oh_ .
Z—Bt— + Aghgq = ¢4, [} Btd — Mh_q =c_q, (2.23C)
Oh Oh .
i ata + Ahg = cq, 179—5- + Ahg = cq, (2.23d)
hor = ho2 = go1 = goz = ha =h_g =ha =hy =0. att =0 (2.23e)
Here ( T T
< (wy, —wy)', 001 > < (wy, —wi)' o002 >
o1 = . = 2.24a
' < ¥o1,Po1 > coz < Yoz, ®02 > ( !
< (wr, —w})T, Yo, > < (wy. —w})T . vop >
dg1 = , = . 2.24b
' < Y01, %01 > o2 < w2, Po2 > ( )
< —an®\T i v e\ T 5
o= Son—wdlve> < owi)livea> (2.24c)
< Ya,¥q > <Y_g,¥V-g >
—pt T /) N o—ut T i
___<(w1, wi) ,ua>‘ Cs=<(u1. wt) Uy > (2.24d)
kq ks
Note that ¢_4 = —cj since ¥_q4 = 01¥q and is real. For the same reason. h_4 = hj. Since w; does

not depend on the fast time ¢, the quantities in Egs. (2.24) do not either. To suppress the secular
terms in ho1, ho2, go1 and goz, we need to require that

co1 = coz = do1 = do2 = 0. (2.25)



[n view of Egs. (2.24) and (2.9). these four conditions will produce the following slow evolution
equations for 1" «.6p and po on T3 time scale:

AV 4[> ags Re(Fy)df

= = (2.26a)
2. o

5‘% /: o df + g%/: 6(a3).df = 2/: Bao Lm( Fo)do. (2.26¢)

(V%‘ + QZ—;?-) /_Z(ag),de - g% /: 6(a?).d6 = 4/: ao.Re( Fo)dé. (2.26d)

Here “Re” and “Im” represent the real and imaginary parts of a complex number. [t is noted
that Eqs. (2.26a. b) have been obtained before by the adiabatic perturbation method in (3},
Similar equations were also derived for solitons in perturbed nonlinear Schrodinger equations (see
(7. 11. 13]). In order for the solitary waves of the model (1.1) to be stable. these equations must
have stable fixed points. Otherwise. an instability will arise. Such an instability would be due
to the zero eigenvalue. of the linear operator L. bifurcating and moving into the unstable region.
because of the perturbations. This has been discussed in (8, 16].

When conditions (2.26) are satisfied. solving Eq. (2.23). we get

hot = hoz = go1 = go2 = 0. (2.27a)
hg = cq{l — ag(T1)e™*}/Xa, h_q = hj. (2.27b)
he = ca{l — aa(T1)e™}/A, (2.27¢)
he = co{l — as(T1)e }/ A, (2.27d)
and

ag(0) = ca(0) = a(0) = 1. (2.28)

Then the solution U, is
Uy = hawa(6) + h_avr_a(8) + /1 {ha(A\)6a(6, ) + he(A)us(6. A }dA. (2.29)

Here the a's are constants of the integration. and possibly functions of T}, as indicated. The ¢'s
are slowly varying with 7; when V and w are.

It is important to realize here that, in order for the solitary wave (1.2) to be stable, in addition to
the conditions (2.25), we also need to require that the coefficients hg,h_g4, he and hs in Uy do not
grow unbounded. on either the ¢ or the T} scales. On ¢ scale. hq and h, are already bounded since
the continuous eigenvalues of the operator L are always real (see Eq. (2.27 c, d)). But in order for
hg and h_g4 to remain bounded on this scale, it is necessary for \q to be real. If this is not so, then
the solitary wave is unstable. We now shall assume that A4 is real.



On the T, scale. we need to ensure that ag. g and a, in Eq. (2.27) remain bounded. To obtain the
evolution equations for these coefficients. we need to e\(pand (2.1) out to second order. €2. When
Eq. (2.6) is substituted into Eq. (2 1) and terms of order ¢ collected. an equation for 125 will be
obtained. Denoting U2 = (a2. a5)T. the equation for L7 is

(i8, + L)Us = (wq. —uw})T. (2.30a)
Usli=o = 0. (2.30b)
where ' '
we = Fy —iayr, + ibor, 016 — (V8or, /2 —V1,0/2 + por, )1
—iagr, + 1001000 — (VOor, /2 — V1,0/2 + pory)ao (2.31)
—aof'(a2)ay(a; +2a}) — adf"(ad) (a1 + a})?/2.
Fy = {pa(Ao, A5)A1 + pa-(Ao. A5)Aj}e V271, (2.32)

and A, = e"V9/27q, . This equation can be solved analogous to Eq. (2.11). We expand (wq, —w3)T
and U; as

(wo, —w$)T = cor1wo1(8) + coawoz(0) + do1001(8) + do2@o2(6)

+eqa(8) + -av-a(8) + [{Ga(Nwa(8, A) + & (N)ws (6. A)}dA. (2.33)

and . A
Uz = horwoi(8) + he2vo2(6) + dor®01(6) + Jozdo2(6)
+haig(8) + h_qw_q(8) + [;{ha(N)Wa(8, ) + hs(A)ws(8. A) }dA.

The coefficients in U, are governed by equations similar to (2.23) with only a hat added to each
quantity. To suppress the secular terms in hm, hoz, goir and go2, we will obtain the evolution
equations for the parameters V,w,fy and po on T2 timescale. These equations are negligible in
deference to Egs. (2.26) which govern their evolutions on T} timescale. The coefficient hy in Us is
governed by the equation

(2.34)

oh,
zﬁd + Aghq = &4, (2.35)

where

< (wy, —w$)T, wq >
< We, Y4 > '

Now ¢4 has resonant terms which are proportional to e*4t. To see this. we put Eq. (2.1) into (2.32)
and get

(2.36)

Z{pk( o) 0% (AoA1 +A0A')+Pk(ao) 86" eV, (2.37)

When Egs. (2.27) and (2.29) are substituted into Eq. (2.37), we find that the et and e~'M¢
coefficients in F; are proportional to cqaq/A¢ and (cqaq)®/Aq respectively. Suppose such terms in

F\ are
CdQd

e1(8)et + [cd)\—(:i-ez(G)]‘e'i’\“. (2.38)

then the coefficient of the e**4 term in ¢y is found, from Eq. (2.36), to be

K = {i(cgaq)T, + (k1 + k2 + k3)caca}/Ad, (2.39)



where

. ‘ 2 (3, +u2y)de
o = (VOor /12 —-17.0/2 — = . 2.40¢

ki = (Véor,. T, TpOTl)J_xx(Uél —2,)d8 (2.40a)
b leatcd) I (g = va2){2a0f'(ad) (L3 + varvan + vdy) + ad f(ad) (var = La)? }ab
- Ad [ (w2 —v2,)df '
)

[ (e1wgr + epugp)df 12490

ky = —= (2.40c)

S (g — vip)dd

and e; and ey were introduced in (2.38). Since Ke*t term in &4 is a homogeneous solution of Eq.
(2.35). then in order to suppress the secular growth in hq. We must have K = 0. This gives us a
slow evolution equation for cgag, which is

d(cqaq)

aT, = i(ky + ko + k3)cgaq. (2.41)

Note that both k; and k are real quantities. Thus if Im(k3) is negative. cqaq will exponentially
grow. and the solitary wave (1.2) will be unstable. This instability is caused by the pumping of
the solitary wave energy into the discrete eigenmodes w4 when the perturbation is turned on.
[t can also be interpreted as the initially real discrete eigenvalues. £y, moving into an unstable
region in the presence of perturbations. In fact, Aq is shifted to A¢ + (ki + ko + k3) in view of Eq.
(2.27b). This instability was never analyzed before in the literature. Similar argument applies to
the coefficients h, and hs of the continuous eigenstates in Us. Suppression of the secular terms in
those coefficients will produce evolution equations for aq (T}, A) and as(Ty, A) on T scale. If o or
as grows unbounded, instability will also arise. This instability is caused by energy being injected
into the continuous eigenmodes of L, or the continuous eigenvalues of L moving into the unstable
region. under perturbations. In summary, by studying the evolution equations of the solitary wave
parameters and the coefficients in the U; solution, all the instability mechanisms can be. and have
been now uncovered.

In the above. we have obtained the slow evolution equations for V. w. 6o, po and ag. The equations
for g and a, in the coefficients of the continuous eigenmodes of Uy are more troublesome. The
reason is that these equations involve convolutions which couple together o and o, over all the
continuous eigenvalues. To circumvent this difficulty, it is helpful to view this type of instability as
due to the continuous eigenvalues of L moving into the unstable region. Note that the continuous
eigenvalues of the linearization operator around a solitary wave, even for the perturbed equation
(1.1) as well as for the unperturbed version, can easily be specified (see [24]). Thus this type
of instability can be determined without the necessity of deriving and examining the evolution
equations for @, and a,. With this hurdle removed. then our procedure. as described above. can
be carried out. and the stability regions of the solitary waves under perturbations can be specified.



3 The Perturbed Cubic-Quintic Nonlinear Schédinger Equation

[n this section. we use the perturbed cubic-quintic nonlinear Schodinger equation of Ginzburg-
Landau type as an example and carry out the detailed analysis. This equation is of the form

(A + Apr v 3424 + o5 APA = eilbiAgr + A = byl Al = b5 A A). (3.1)

where all the coefficients are real-valued. and c3 = £1 by scaling. When € = 0. Eq. (3.1) supports
solitary waves of the form (1.2). where
4w

6) = b2 3.2
00 = o T 00073 comn2vs ) (5:2)

If c5 = 1. this wave exists when csw > —3/16: if c3 = —1. it exists when cs > 0. The linear operator
L is given by Egs. (2.8) and (2.12) where f(z) = caz + csz?.

We first establish the spectrum structure of L. We have shown that its continuous eigenvalues are
the intervals / = (—=2c. —w| U [w.20). To determine the total number of its discrete eigenvalues. we
numerically calculated A2 along the path P shown in the appendix for c3 = £1 and ¢z, w being
allowed various values. For each of the three cases: (1) c3 = 1.cs > 0. (2) c3 = 1l.c5 < 0. and (3)
c3 = —1 (cs > 0). the results are always qualitatively the same. In case (2). the orbit of Ay, as ¢
moves along P. is sketched in Fig. 1. We see that in this case. the winding number of As is four,
thus L has four discrete eigenvalues (multiplicity of eigenvalues included). In the other two cases.
we find that the winding number of A, is six. Recall that A = 0 is always a discrete eigenvalue of
L. To determine its multiplicity, we chose a small closed path around A = 0 (i.e. ¢ = €"’%) and find
that the winding number of A is always four, for all three cases. This means that A = 0 is always
a four-fold discrete eigenvalue of L. We then conclude that in case (2), A = 0 is the only discrete
eigenvalue of L. while in the other two cases, L has two additional non-zero. discrete eigenvalues.
Due to the symmetry of the eigenvalues. these two non-zero eigenvalues have to be either real or
purely imaginary. [n addition, one is always the negative of the other. We will denote them as A4
and —)\y as before. Closer examination reveals that in case (1), Aq is real, and in case (3). it is
purely imaginary. This is consistent with the results in (9, 10]. It indicates that in case (1). the
solitary wave (1.2) is linearly neutrally stable in the unperturbed equation (3.1). But in case (3).
it is linearly unstable. thus also unstable under weak perturbations. In the rest of the paper. we
assume c3 = 1.

Next we determine the slow evolution equations for the solitary wave parameters; V. .8 and po.
[n view of the perturbation term in Eq. (3.1). and after some algebra. we find that Egs. (2.26)
become
dv by [ adedd
A T

— 00

do  S(w) —bV?/2

v, (3.3)

Qo 2wt /e 3.4)

T~ L], alds (
dbo _ dpo _ , (3.5)
day  dTh

10



where

3b5.u b; 955 J:C /lédg
w) = (2v = biw — + (= - - —_—) 3.6
S() = (20 —brw = =) + (7 =2+ ) T< g 561
The fixed points of Egs. (3.3) and (3.4) are V" =0 and
S(u) =0. (3.7)
In order for the fixed points to be stable. we need to require that
S'(w) .
b >0, —m—— < 0. (3.8
PTT Ln ™ a2de !
Explicit expressions for S(w) and [2 a3df can be obtained depending on the sign of ¢s.
1. ¢5 > 0: In this case.
. p—
/ agd() = \/3/65 (w/2 — arctan uh), (3.9)
-
S(w) = ——s (51 + 53w + 3L ) (3.10)
T A 2 7/2 —arctanu~t "’ ’
where
sy = bics — 8bycs + 9bs — 32vc2 /3, (3.11a)
5o = 16¢c5(bs + b1c5/3), (3.11b)
s3 = —bics + 8bscs — 9bs, (3.11c¢)
and
u = y/16cs5w/3. (3.12)

[t is easy to check that S”(w) does not change sign for w > 0. hence the concavity of S(w)
does not change. As a result. Eq. (3.7) has at most two fixed points and Eq. (3.1) allows at
most two solitary waves. When Eq. (3.7) has two fixed points, S'(w) will have opposite signs
at these points. From Eq. (3.9) we see that the sign of Ed; In [ a8df is always positive. thus
one of these two fixed points is stable, and the other unstable. We can also readily show that.
if bs + bics/3 < 0, Eq. (3.4) has one unstable fixed point; if bs + bycs/3 > 0. it has none or
two fixed points (one stable and the other one unstable).

2. c5 < 0: In this case, similar results can be obtained. Here

00 e
/ a%dB = v"—S/Cs tanh™! v, (313)
-0
3 S3v
S(w) = _Tép_(sl + sw + gﬁ), (3.14)
5

where s; (i = 1,2,3) are given in Eq. (3.11), and v = «/—16csw/3. Similarly, we can
show that Eq. (3.1) has at most two solitary waves, at most one stable. Furthermore, if
3bs —4bscs — 16+v¢2/3 < 0, Eq. (3.4) has one unstable fixed point; if 3bs — 4bacs — 16~c2/3 > 0.
it has none or two fixed points (one stable and the other unstable).

11



When Egs. (3.3) and (3.4) allow stable fixed points. the corresponding solitary wave may still be
instable due to the non-zero discrete eigenvalues moving into the unstable region under pertur-
bations. We have shown that when cs < 0. non-zero discrete eigenvalues do not exist. but when
rs > 0. two such eigenvalues of opposite sign exist and are real. Suppose Ay and —A, are these
two non-zero eigenvalues. and vq = (va1. vaz)T and w_g = 01wy the corresponding eigenfunctions.
Upon inserting the perturbation terms of Eq. (3.1) into Eq. (2.40c) and after some simplifications.

we find that

Im(ks) = by (m; + V*/4) — v + 2mabs + 3msbs. (3.15)
where o0 ( 2 2 ]
oo (Vile — Yaog)d ;
m, = o) 2 . (3168.)
fow(wél - w§2)d9
20 a2 '(11'2 _wZ de
ma = f_,:o 0(2d1 ’242) ? (3.16b)
S (Wh — vgp)dd
and oo 402 2146
ms = f_go a5(¥g — Yga) (3.16¢)

JZ (w5 — wip)de
[f we take V(= 0) and w as the stable fixed points of their evolution equations (3.3) and (3.4). then

[m(ks) in Eq. (3.15) can be evaluated. If it is negative, according to Eq. (2.41). the solitary wave
in Eq. (3.1) will be unstable.

Lastly. we consider the instability of the solitary waves (1.2) in Eq. (3.1) caused by the continuous
eigenvalues of L under perturbations. I[n this case, the results in (24] indicate that when b; < 0
or v > 0. these continuous eigenvalues will move into the unstable region due to perturbations.
Otherwise. this type of instability is absent.

Now we summarize the above results on the stability of the solitary waves (1.2) in the perturbed
cubic-quintic nonlinear Schrodinger equation (3.1). When c3 = —1, all the solitary waves are
unstable. When c3 = 1 and ¢s < 0, the solitary wave is stable if and only if by >0.v< 0.V =0
and w is the stable fixed point of Eq. (3.4). When c3 =1 and ¢5 > 0. it is stable if and only if
by > 0.v <0,V =0, wis the stable fixed point of Eq. (3.4), and Im(ks) given by Eq. (3.13) is
positive. Comparison of these results with those by the adiabatic perturbation method [8] shows
that. when c3 = 1 and cs < 0. the adiabatic method yields the correct stability conditions: but
when c; = 1 and cs > 0, it does not. The reason is that it misses the instability caused by the
additional mode with the non-zero discrete eigenvalue, Ag4, into which the solitary wave could emit
energy, as manifested by Eq. (2.41).

As two examples, we choose c3 = 1,c5 =1lor -1, v = —0.1, b3 = —1 and determine the regions in
the (b1, bs) plane, for the existence of stable solitary waves by using the above results. For the given
b, and bs values, we first numerically determine the stable fixed point « from Egs. (3.7) and (3.8)
using Newton's method. This alone will give the region of stable solitary waves for cs = —1. It is
shown in Fig. 2 (II). When cs = 1, we take the stable fixed point, w, of Eq. (3.7), and numerically
determine the discrete eigenmode A\q and 14 from Eq. (2.14), using the shooting method. We
then evaluate mg (k = 1,2,3) from Egs. (3.16) and Im(k3) from Eq. (3.15), with V' being taken
as zero. The stable region is the set of (b1,bs) points where the stable fixed point, w, exists and

12



Im(ks) is positive. This region is shown in Fig. 2 (I). At any point in these regions. Eq. (3.1) has
exactly one stable solitary wave. We observe that in both cases. when the diffusive term (b;) in
the perturbation increases. for the solitary wave to be stable. the nonlinear absorption (bs) has to
Jdecrease. but not be below a certain lower bound. An interesting fact is that. in the c3 = 1 case.
stable solitary waves exist even when bs < 0 (see Fig. 2 (I)). In this case. both the nonlinear effects
in the perturbations are amplifying, but they are offset by strong diffusion. Thus a stable pulse is
still possible. However, such stable regions are very small. Note that in Fig. 2 (I). inside the region
enclosed by the two solid curves and the bs axis, Egs. (3.3) and (3.4) have a unique stable fixed
point. This is the region captured by the adiabatic perturbation method [8]. But the solitary wave
is still unstable in most of this region due to instability of eigenvalue A4 bifurcations.

4 Discussion

In this paper. we studied the stability and evolution of the solitary waves in perturbed generalized
nonlinear Schrédinger equation (1.1), and the perturbed cubic-quintic nonlinear Schrodinger equa-
tion of Ginsburg-Landau type (3.1) in particular. We found that the solitary waves in Eq. (1.1) are
subject to three types of instability which are associated with the bifurcations of the zero, non-zero
(discrete), and continuous eigenvalues of the linear operator L in the presence of perturbations.
Our stability conditions for the solitary waves are both necessary and sufficient. When specializing
to the perturbed cubic-quintic nonlinear Schrédinger equation of Ginzburg-Landau type. we proved
that for any set of parameters, Eq. (3.1) has at most one stable solitary wave. We also specified the
parameter regions of stable solitary waves and graphed them for two particular examples. When
compared to the results in (8] by the adiabatic perturbation method. we found that the adiabatic
method missed certain types of instability, especially the one associated with the bifurcation of the
non-zero discrete eigenvalues of the operator L.

The method we employed in this work is based on the completeness of the bounded eigenstates of
the operator L and a standard multiple-scale perturbation technique. The key in this analysis is the
completeness of L's bounded eigenstates in Ly space. It allowed us to solve the relevant linearized
equations at various orders and detect secularities in the linear solutions, which then set the stage
for the multiple-scale perturbation method to come into play. For general perturbed nonlinear
wave systems, if this completeness of the bounded eigenstates of the associated linear operator can
be established, then the analysis in this paper can be adapted to those systems as well and a full
account of the stability and evolution of permanent waves in the presence of perturbations can
be provided. The completeness of the bounded eigenstates of a linear operator has been studied
extensively in the literature (see {20, 25, 26| for example). It has been well established for self-
adjoint operators. For generic non-self-adjoint operators, as discussed in the appendix. we can prove
the completeness using the direct scattering technique similar to that in (20]. For general operators,
corresponding to discrete eigenvalues, generalized eigenstates as well as the regular eigenstates may
exist. But if the set of the discrete eigenvalues is finite, we can still show that the eigenstates and
the generalized eigenstates of the linear operator form a complete set. The details will be discussed
elsewhere. In this light, our recipe for the study of stability and evolution of permanent waves in
perturbed nonlinear systems can be widely applied.
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Appendix

[n this appendix. we study the spectrum structure of the operator L given by Eq. (2.12). and estab-
lish the completeness of its bounded eigenstates in L, space. For the exactly integrable nonlinear
Schrédinger equation. the eigenstates of L are related to the squared Zakharov-Shabat eigenstates.
Thus the completeness of L’s bounded eigenfunctions can be established by the inverse scattering
technique [15. 27]. But for the generalized nonlinear Schrédinger equation. that connection breaks
down. In this case. we will use the direct scattering method as developed in [20. 21| to accomplish
this task. For convenience. we will replace § by r. We first consider the general potentials q(z) and
r(z) which vanish at infinity, then specialize to the present case where g and r are given by Eq.

(2.8).
{(3)-()

The eigenvalue problem

can be written out as

Uzr — (W + ANu = —r(z)u — q(x)v, (A2a)
Vzz — (W — A)v = —r(z)v = g(z)u. (A2b)
To avoid dealing with the branch cuts at A = +w, we make the following parameter transform
A =w(C®+(7Y))2 (A3)
Then Eq. (A2) becomes
0 1 0 0
2-r 0 —q O
Y: = 0 0 0 1 Y, (Ad4)
—-q 0 n*-r 0

where Y = (u, 4z, v,v2)7, and

§=\w/2(C+¢Y, n=iw/2(-¢) (A5)

The rest of the analysis is analogous to that for a n-th order scalar scattering problem considered
in [20]. Thus the results will only be sketched here with the proofs omitted. We define the singular
set ¥ as

¥ = {¢ : the real parts of any two numbers of §, —6,n and —7 are equal}. (A6)
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[t is easy to see that ¥ is the set of all the rays originating from ¢ = 0 with angles being the
multiples of /4. We number these rays cyclically as £o. . ... and the sectors C\Zas .0 ...
(shown in Fig. 3). On £,. Re(n)=0: on ;. Re(8) =Re(—n) (# 0): on E2. Re(¢)=0: in sector Q..
Re(6)>Re(—n)>Re(n)>Re(—4); in Q2. Re(—n)> Re(6)>Re(—6¢)>Re(n): etc. In each sector. we
define two fundamental matrices ®~ and ®~ of Eq. (A4) according to the ordering of ¢. —¢. 7 and
—1 in that sector. For instance. in ;. we define

®=(z.{) = m=(z.{)e™. (A7)
where J = diag(é. —n,n, —98),
1 0 0 1
m=(z.¢) — g (1) ? ‘0‘5 T — . (A8)
0 -n n O

and m= are bounded as |z| — oc. In other sectors, ®= can be similarly defined. It is easy to see
that = so defined are unique. They exist for all { € C'\ £, apart from a discrete set Z which are
all the zeros of Ak (k = 1,2,3) to be defined below. At the points (x € Z. = have pole singularity.

Next we define the functions

Ay =mi Ami Ams Am] /(~46n), (A9a)
Do = m] Ami Am3 Amy /(—46n), (A9b)
A3 =m] Am, Amg Amy [(—4én), (A9c)

where “A” represents the wedge products of vectors. It can be shown that A (k = 1.2.3) are
independent of z, analytic in each sector Q;, and Ay — 1 as |(| — oo. Furthermore. A\, is analytic
across the boundary ;. The discrete eigenvalues A of the operator L correspond to the zeros of
A through relation (A3). The continuous eigenvalues of L correspond to the two rays Yo and
Y,. We choose a path P in the ¢ plane as shown in Fig. 3, with its direction counter-clockwise.
This path starts at { = 07 + ooi, moves down vertically to ¢ = ¢, half-circles around it. and
moves downward again until it reaches { = 0. Then it quarter-circles around ¢ = 0 and moves
horizontally along the upper side of the positive Re(¢) axis, until it arrives at { = L. Then it
half-circles around ¢ = 1, keeps on moving horizontally, and eventually ends at { = o¢c + 072, In
the A plane, this path corresponds to one which encloses the entire A plane except the continuous
spectrum {A : A > w or A < —w}. Thus the winding number of A along P:
1 ~

- '2'1771 i %’;-’-Ez—;d( - -2-17?{arg{A2(oo) — arg{Do(c0 + 1)) (A10)
gives the total number of the discrete eigenvalues of L (multiplicity of non-simple eigenvalues
counted).

The completeness of the bounded eigenstates of L in L space can be established by constructing
the Green's function to the equation

(L = X)G(z,y,¢) = &y(z)diag(1, 1), (Al1)
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and proving that G can be expressed as a linear combination of L's bounded eigenstates. Ve call
the operator L generic if (1) &k (k = 1.2.3) have no common zeros and no multiple zeros: (2)
they have no zeros on T. and (3) the set of their zeros is finite. For a generic self-adjoint operator.
the completeness of its bounded eigenstates in Ly space was proved in {20] using this approach. In
our case. L is not self-adjoint. But if it is generic. slight modification to the analysis in [20] can
be made to establish the completeness relation as well. If L is non-generic (as is the case when
q(r) and r(z) are given by Eq. (2.8)). a discrete eigenvalue may be multi-fold. and its algebraic
multiplicity may be larger than its geometric multiplicity. In such cases. the generalized eigenstates
of the discrete eigenvalues are also needed for closure (see [13]). But as long as the number of L's
discrete eigenvalues is finite. similar techniques can be used to show that the bounded eigenstates
of L (including the generalized discrete eigenstates) also form a complete set. As a practical guide.
if a discrete eigenvalue is a k-th fold root of Ag, then correspondingly & regular or generalized
eigenstates should be included.

References

(1] Benney. D.J. and Newell. A.C.. “The propagation of nonlinear wave envelopes.” J. Math.
Phys. 46. 133-139 (1967).

(2] Zakharov, V.E., “Stability of periodic waves of finite amplitude on the surface of a deep
fluid.” J. Appl. Mech. Tech. Phys., 4, 190 (1968).

(3] Hasimoto. H. and Ono, H., “Nonlinear modulation of gravity waves.” J. Phys. Soc. Japan.
33. 805 (1972).

(4] Kelley, P.L.. “Self-focusing of optical beams.” Phys. Rev. Lett., 15, 1005 (1965).

(5] Hasegawa. A. and Tappert, F., “Transmission of stationary nonlinear optical pulses in dis-
persive dielectric fibers. [. Anomalous dispersion.” Appl. Phys. Lett. 23, 142 (1973).

(6] Agrawal, G.P.. “Nonlinear Fiber Optics.” Academic Press (1989).

(7] Hasegawa, A. and Kodama, Y., “Solitons in optical communications.” Clarendon. Oxford
(1995).

(8] W. van Saarloos and P.C. Hohenberg, “Fronts. pulses. sources and sinks in generalized com-
plex Ginzburg-Landau equations.” Physica D. 56, 303 (1992).

(9] Jones, C.K.R.T., “An instability mechanism for radially symmetric standing waves of a non-
linear Schrodinger equation.” J. Diff. Eq. 71, 34 (1988).

(10} Grillakis, M. “Linearized instabilities for nonlinear Schrodinger and Klein-Gordon equations.”
Comm. Pure Appl. Math. Vol. XLI 747 (1988).

(11] Karpman, V.I. and Solov’ev, V.V. “A perturbation theory for soliton systems.” Physica D 3,
142 (1981).

16



16}

17

18]

19]

[20]

21

22]

23]

24]

(25]

(26]

27]

Keener. J.P. and Mclaughlin, D.W.. “Solitons under perturbations.” Phys. Rev. A 16. 777
(1977).

Kodama. Y. and Ablowitz. M.J.. “Perturbations of solitons and solitary waves.” Stud. Appl.
Math. 64. 223-245 (1981).

Kaup. D.J.. "A Perturbation Expansion for the Zakharov-Shabat [nverse Scattering Trans-
form.” SIAM J. Appl. Math. 31. 121 (1976).

Kaup. D. J. “Perturbation theory for solitons in optical fibers.” Phys. Rev. A 42. 5689 (1990).

Kapitula. T. “Stability criterion for bright solitary waves of the perturbed cubic-quintic
Schrodinger equations.” Preprint.

Soto-Crespo. J.M.. Akhmediev. N.N. and Afanasjev. V.V., “Stability of the pulselike solutions
of the quintic complex Ginzburg-Landau equation.” J. Opt. Soc. Am. B, 13. 1439 (1996).

Soto-Crespo. J.M., Akhmediev. N.N., Afanasjev. V.V. and Wabnitz. S.. “Pulse solutions
of the cubic-quintic complex Ginzburg-Landau equations in the case of normal dispersion.”
Phys. Rev. E, 55, 4783 (1997).

Yang, J.. “Vector solitons and their internal oscillations in birefringent nonlinear optical
fibers.” Stud. Appl. Math. 98, 61-97 (1997).

Beals. R.. Deift. P., and Tomei, C., “Direct and inverse scattering on the line.” Math. Surveys
and Monographs, No. 28, Amer. Math. Soc. (1988).

Beals. R., and Coifman, R.R., “Scattering and inverse scattering for first order systems.”
Comm. Pure Appl. Math. 37, 39 (1984).

Mecozzi. A.. Kath, W.L., Kumar, P. and Goedde, C.G., “Long-term storage of a soliton bit
stream using phase-sensitive amplification.” Opt. Lett., 19, 2050 (1994).

Kaup. D.J..“Closure of the Squared Zakharov-Shabat Eigenstates.” J. Math. Analysis and
Applications 54, 849 (1976).

Henry, D., “Geometric theory of semilinear parabolic equations.” Lecture Notes in Mathe-
matics 840, Springer-Verlag, New York (1981).

Reed. M. and Simon, B., “Methods of modern mathematical physics III: scattering theory.”
Academic Press, New York (1979).

Weidmann, J., “Spectral theory of ordinary differential operators.” Lecture Notes in Mathe-
matics 1258, Springer-Verlag, New York (1987).

Kaup, D.J., “Closure of the squared Zakharov-Shabat eigenstates.” J. Math. Anal. Appl. 54,
849 (1976).

17



Figure 1: The trajectory of Ag(¢) as ¢ moves along the path P for c3 =1 and c5 < 0. The path P
is specified in the appendix and shown in Fig. 3.
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2.2 :

1.8§
a1.6h

0 0.5 1 1.5 2

Figure 2: Stability regions (shaded) of the solitary waves in Eq. (3.1) for c3 = 1,7y = —0.1 and
b3 = —1. (I) Cy = 1; (H) Cy = -1.
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